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XXV. A new Method of invejiigating the Sums of infinite Series* 
By the Rev. S* VINCE, A. M. of Cambridge, in a 
Letter to Henry Maty, A. M* Secretary* 



Read June 6, 1782 



S I R, 



HAVING lately difcovered fome very eafy methods of 
inveftigating the fums of certain infinite feries, I have 
taken the liberty of requefting the favour of you to prefent 
them to the Royal Society. I have divided the fubje£t into 
three parts :.. the firft contains a new and general method of 
finding the fum of thofe feries which de moivre has found in 
one or two particular cafes; but whofe method, although it be 
in appearance general, will, upon trial, be found to be abfo- 
lutely impracticable. The fecond contains the fummation of 
certain feries, the laft differences of whofe numerators become 
equal to nothing. The third contains obfervations on a cor- 
rection which is neceffary in invefligating the fums of certain 
feries by collecting two terms into one, with its application to 
a variety of cafes • 



I am, &c. 



Cambridge, 
May 3, 1782, 
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JL Jljl.- XV JL Jt< 



L £ M. I. 

,*/ r fo *wy w&o/<? number, and then the fluent of 



r 



I -j- X 

can always be exhibited by circular arcs and logarithms ; but 
when x = i , the fluent of the fame fluxion will be exprejfed by the 

infinite feries i — — — -I + &c the fum of this feries 

J J r+t zr+i 3^+1 j j ^ 

therefore can always be found by circular arcs and logarithms. 

L E M. II. 

To find the fum of the infinite feries — *L=^ — =^J-~^**^ +> 

J J J l.r+l r+I. 2r+i 

- Sec. 



ar-f- 1 • y+ 1 



j i i 



Affume i -— ■+ — - — — + Sec. . = S ; therefore. 

r + I 2r+ i 3^+1 

.(A) I -— JL-+-. I +I . - == ^±i =g :+&C. . . . =S. 

I.r+i r+i.2r+l 2.r+ 1.3^+1 

In the firft feries, add together the iffc and 2d, the 2d and 3d, 
Sec. Sec. terms, and the refulting feries will evidently be equal 
to twice that feries minus the firffc term ; therefore, 

(B), — ==*- ===— -^==^-1- -—^ = 2L = — -^ — &c. . . . =r 2S— !• 
I . ? 4~ 1 r 4~ I • Z? 4 I 2^ + 1.3^4-1 

1 11 

xt /A\ 1 T I+ 7 2+ 7 „ S 

1N0W ( — J - - — — = + —= = ~~ ======— ;^===: + &C. ,,,-- 

I r / r 1 „ r +. ! r+ i . 2r-h I 2?' -f I , y + i r 



r ' r 



vl — — """■-*» ^s °*~~ ~ ,., - , . •"• ; ^ ' < ^, «n. ^—- . Z ^' *4™ OCv»e • « • 

r+ I . 2/ 4- I 2r4~ I . 3 r 4- I 



I I 



> 






s 

r 



^ I .. r 4- i r+ 1 . 2r4- I ~ 



Now 
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Now the fum of the lower feries, omitting the firft term, is- 
equal to - B divided by r%. or =- — 2 ^~ x ; hence, by tranfpo- 
fition, and, multiplying both fides by i>, we (hall have r 

+ &g*.. . — — + -j— — ;. alio by 



r + 1 . 2r+ I 2r -f 1 . 3/"-)- i 

multiplying B by ~ we have 

+ « s= A===-&c;...==ii^; fubtra& 



the laft equation but one from the laft, and we (hall have 



"1 1 11 - 



a a + b a-\-2b Q ira— r + 2 . b x $ — ra + r+ 1 > 

■ " r " v r r"T: i ""V: , r " ^zr^rssr *r „_^ — L^."*- «^T awNS- VJv^* *• • • •—- ■ 2* 



I.r+I r+i.2r+i 2M-i.3r+i r 

Cbi% i. Hence it appears, that the fum of this feries can 
never be exhibited in finite terms, except a : b as r + 2 : zr r in 

which cafe the fum is equal to 



^ 

»- 



r-f 2 



• 3 ___ . 5 a. 1 



Hence, if d = 3, £=2, then r = i ;..•._!- --^_ + -i—_ &c - r 



4. . ? 9 , '3. *7__ , ^ _f 



if^ = 4,^3,thenr = ^ ; .-. _i_ -_JL_ + _I°- _ _il_ + ,....= J- s 
^> 3> 5 5. 1 1 11.17 *7 - 2 3 23.29 20 

Cor 2, Put # = <:-£, and we (hall have, after tranfpofitioa, 



c+b v&rr — 3 r + 2 ' ^'~* 2^XS- 2r+ I ^-frf^^ 



PROP. L 

7c find the fum of the infinite feries - — ====—====+- 

y ^ ^ ^ ^ I . r+ I . 2r-f I 



W-f-W W + 2» 



"T~ OtC»» 



2r + I . 3r + I , 4?" + I 4r -f I , $r 4- I . 6r+ I 

&ve 
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Every 'feries of this kind may be refolved into the following 

«=«=. — ===== — ^ — rrfr^=^=== — ======= — ==: ,~ - rr-= 4. 5^ c# f or 



if we reduce two terms of this feries into otle, it will become 



%ar~~h Q.ra-\-2r—i ,b 2 r a+ 4?— I * b 



I . r-f- I . 2r + I 2r + l . 3/*+ I . 4? + 1 4r-f c . 5/- + 1 . 6r+ I 

where the denominators being the fame as in the given feries t 
and the numerators alfo in arithmetic pragreflion, we have 
only to take a and b fuch quantities that the refpedive nu- 
merators may be alfo equal; affume, therefore, zm^b'^m^ 

2ra + 2r—i .b — m^n\ therefore, &=~ 9 ^rs3f^±^? which 

2r 4?*- 

fubftituted for a and b in lem. 2. gives 

— — .:..T".'S.^ 4* g ggss a s s a =asaasr >,, " , ^ asas3= * 4" rr^"".;™ 1 )- 1 '!::??!!^ j s=z==== ,, 4' > QwC« *. • -• 



I . r+ I . 2r+ I 2r + 1 . 3r+i .^r+i 4r4i . 5r+i-6r+i 

w UWTn . _.— w-i.ni ■■■iwn.r . vmmmwumm 

%rm— r+I.»q,2r-Hl.»— 2rw # 

2^.— ^ — — - X O -if" — ^ s— 

2H 4? 3 

Let r= 1 , and we have 

. 4-, .4- rf-cCC,- . ♦ = /// — «. D + ~ ^ — *. 

1.2,3 3 • 4 • 5 5 • 6 • 7 4 

Ifiw.=si,» = 3, — — +— ~ +— y 7 — -+&c... = * -aS; 

^ 1.. 2, 3 3.4*5 5- 6 • 7 4 

9 ' J.2-3 3 • 4. 5 5-6.7 2 

Let r -= 2 9 and the feries becomes 

^_^_ + .^±^4-^!±^ + &c. ... =ri^xS + s ^i^ 
i*3-5 5-7-9 9-«* 1 3 " ■ 16 3* 

If *w=l, »=i, — + — — + 3 ™ +&C. . . . = 1+-L; 

9 9 i*3>S 5-7*9 ^n^ l6 32 

1 1 t c Si 

1*3-5 5-7-9 9* ** ^3 4 8 

Let r= 5, and we fhall have 

1 ,6. 11 11. 16 .21 2i .26.31 125 « 



— I Off? 

• 



500 

If 
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' 5 1 .6.11 .11 . 16.21 21 .26.31 125 500; 

I 1 1 , c Si 

1. 6. 11 11 . 16 . 21 l 21 • 26. 31 25 50 

Cor. If zr : r + 1 :: # : #z, the fum of the feries can be ao 
curately found, and will be equal to — =r* Let therefore 

m zz r + 1 , and then # .= zr 9 confequently 

1 1 1 „ % 



*which is alfb known from other principles. 

PRO P. II. 



To find the fum of the infinite feries » — ■ _=r --. == + 

J j j j j r+l , 2r+I , ir + i 



£r+ I • 4r + 1 ..5^ + 1 $r + 1 . 6r+ 1 .*]r+l 

This feries refolves itfelf into 



t mm*-*** , .,„ a m — .. m i - ■! ■ ■—■> ■ ~2~~~~— - — - * MM ■ 'V I 

- ^ — 1. ■ .i «■ ■ ■» ■ "« »bVV/6 £ 



r 4- I . 2r + 1 2r 4- 1 . 3^r + I 3>*+ I . 4r ~M 

for by redu&ion, as before, it becomes 

2^~r+l . b , 2<r-fr— i ♦ £ 2^r+3r—i.^ 

r . - .- — ■ — :;— :r — - ■—— -— r -j~ ."*". ' ■■ " ' ■:.i!!'" 1 " -.. , ' ! s=r— ■- ' . .,, t— - -f- ======== =^=^-— — ==^= -4~ OCQ • 

r-f I . 2r+I . 3> + I 3^+1 »4r+ I . 5r+ I 5^+ I . 6r -f I . 7r-|~ 1 

where the denominators are the fame as in the given feries, and 
the numerators in arithmetic progreffion ; affume therefore 

zcr-r+i * h~m 9 zcr + r—i.tizzm + n, hence b — — 



5 

2r 



C :^ 9 ^ILtL^l^Jl^ which, fubftituted in cor. 2. lem. 2. give 

4^ 



■ «4- . . .. i. t n il , ..,. m i.m ■ 1 ...» »m i ll. t ""|- g - ~ . _ . -~ - ' 



= 4-&c. .. m 



r+l . 2r + I . 3^+ I 3r+ I . 4 r+ I . S^ 1 5 r + x • 6r+ I .7r+i 

W HJ Ii wn» w » — ■■ — n t» *"' ■■' ■' - - l "" T " ^.■ J wi.«»...u_« 

2r»j-i . n~?rm ^ 2r^2— 3^4- 1 » w ar?n~~* r— 1 . ?/ 
2r 3 4^ 3 4? z • r+ I 
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Cor. i . In prop, i . fubftitnte a for m 3 and zb for #, and we ha\ 

a a + lb a + 4i> 

X Mi ., s r — as ■ "--'■■""■•" ''f'f — s — : — s=== ===== -f 5C.C* * *..* . 



*>vwmmm» mmmmmm mmmmm m m mm m m ' |f J w mmmmmmmwmmm* ■ ■— ipw— w. m ■imiiiwinimw t , —■■»—- — ||W ; ; ,,i irT i, , ■■n-~ " »» w » i l i i l wi i i » ■■-■■■■ r »» w ,« ^ ^ # M » w >« n^ .--*» P» 

I . r-f I * 2^ + 1 2r-f x » jr-f- 1 ,4^ + 1 4r-f I .jr*f i .6r«fi 

—■"■—» ~ , ... ■■ •■»... 

ra—r+i.b D , 2r-fx.£~m 

— T — x- 5 -h -5 * 

r** f 2** 

Alfo In this prop, fubftitute a + h for *^, and z»b for % and we have 

*+£ « * + 3^ . o^ _ 

=== = •: — ■ ■ g -fr ass : : - t--7 ~- t— =r .r"gr. + 4X£» * «, ♦ =- 

r-|- 1 , h-^ra c r^-^r-f 1 , b t ra+b 

w " " ' i m m ' - X O + *~~" y — ' + — T' scass. * 

r * ^ T ar*-xr-fci 

Subtrad this latter feries from the former, and c 

I ..r-f 1 • . 2> + 1 r-t-1.2rTfx.3r-f! 2r-f 1 . 3r+ 1 • 4^*+ I 

2ra — r^-i,2b q 2^+1 J-m r#4-2^ 






r 2r 2 xr+i 

Let r= i, and we have 

, a a^b a+2b * • — -7 . c 11^-5^ 

1.2.3 2 • 3 • 4 3 * 4 * S ,. 4 

* ? 1.2.3 2.3.4 r 3. 4.5 A 4 s 

5 1.. 2.3 2.3.4 * 3.4.5. 4 

Let r^ ^ and we have. 

a a + b a + zh Q , 6a~~>2b c . <%b'~z*a 

1.4.7 4«7* i0 7* 1 o- I 3 2; 216 

If ^3f=. 1., A = -0, —^ ^ f . 1 -~~-&c.. . . =- S — — •■ 

9 ? 1.4.7 4*7* !0 7. xo. 13 ^ # 9 7 2>* 

5 1-4-7 4*7*10^7.10.13 54 2 7 D# 

If, inilead of fubftituting in prop. 1. zb and a forn and ;% 
we had fubftituted two other quantities, as zr and j, and then 
proceeded as above, a feries would have been formed, the nuf 
merators of whole alternate terms would have formed each a 
a feparate arithmetic progreffion, 

2 M 



invejli 'gating the Sums of infinite Series. 395 

If the latter feries bad been added to the former a feries 
would have been formed whofe terms would have been all po- 
fitive ; but as I purpofe, in the fecond part of this paper, to 
■give a general method of fumming all fuch feries,' I fhall not 
ftop here to apply this method of inveftigation. 

Cor. 2. In proportion 2. fubflitute a for m, and zb for 
~n 9 and we fhall have 



r-f-I . 2r-f- I . 3f + I 3r-f I . 4?-^ 1 .^r-f-'i 



• 2^4- I . Z> — r^ ^ q ra:~ 3r + I . b % ra—r— I . b 

— 1 — x o 4 ~ — ■?- — : — "4" ~* — » — s==- • 

r 5 Qfi*r 2r 2 , r+i 

Alfo in prop. 1 . write a — £ for #2 ? and 2# for n 9 and there refults 

r-; ■„ ■ ■ ■■ , ■■ ■■ ; - : ,"," : . S^jl^ v l. -j- g= ■ ' ■ ' " ' - ■ == r Z~T~r — ~f- CCCt • • • — 

2r-h I . 3r+ 1 . 4r+ 1 4r4* I . 5^+1 • 6r-f I 



ra-~2r+i.b q r+i.b — ra a~-b 

X O ~p * 



f 3 * 2r 3 r+i . 2r-f-i 



Subtract this latter feries from the former, and we fhall have 

a a + b a-\-ib 

■ n il ■——»——— ... ~ « 1 11.,. . 1 . 1 ....... __ — — . — ■ . , * " — . i k i i i i i nn - ' ' ^L 1 11 1 1 nr : 1 111 m i . ■ «•» tV f* 

M ill » ^^ ■ « 1 ——— ~— - - — . ' " * — 1^ ■ ' • ■ - ' - .1,. — ...» •*"•* WWW* e 



r+i . 2^+1 .3^4-1 ar-f- 1 . 3^4- 1 .4^+1 3^"+ 1 . 4^+ * • 5^ + * 



•WMMMNM^ 



2r4- 1 . 2b-~2ra q ra—y+i *b ra~r—i .b a~b 

r s t z 2r z .r+i * 



2r .r+i * r+i. ar-fi 



PROP. III. 



Tb ^5W ^ jte ^ the infinite feries - - ■- . , . : ssc s &'-f- 

I • r4- 1 . 2r4* i . 3r4- 1 



2r+i . 3^+ 1 .4^+1 . S^i 1 4r4- 1 • 5r4«i • 6r-fi . 7^4-1 

This feries refolves itfelf into 

a aArb a-\-2b - 



i . r+ 1 . 2r+i »*4- 1 • 2r4- 1 , 3r4~ 1 2r4- 1 • 3r4-i , 4r+ J 

for by redudion it becomes 

F f f 2 ya - /> 
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%a»~h 3^4-4, ~ 1 a h 

I . r-f I . 2r+X • 3r+ 1 2r + I . jr-f I . 4/ + I . 5/ + I 

- 3-+ 8137.^ __ +&c> 



where the numerators are in arithmetic progreffion, and the 
denominators the fame as in the given feries ; aflame therefore 

ara — h^m^ -ira + ^r— i .&—m + n 9 hence b = --, a~i—!^ ;. 
fubftitute thefe values into cor, i* prop. 2. and we have 



I • r + I . 2 + I . 3r + I 2r 4- 1 . 3r 4. i . 4r + i . $r + i 



m + 2n 



4-r + I . $r + I . 6r + I . Jr -f I 



r^ -j- &C. • » * = . ~~~ ■ — - X b -J-- 



6> 



3r + I . » — 2rw m "h *?_ 



6r 4 6r 3 ,r+i 

Let r = i , and we have 



m 



m + « ^+2« _4^5? * qx7«""5^ 

1*2.3.4 3«4«5- 6 S« 6 -7' 8 6 12 

I I I 2C 

If ^r 1 ? « zz 1 $ — — — 4 — — r 4- — 7 — ' — h ~r & c * • . * = ~ S — < — •- 

1.2.3.4 3*4.5-6 ' 5.6,7 .8 r 3. 12 s 

1 2 3 11 

Let r == 2, and we have .. 

— — 4 ~ — — 4- -— ■ — — — -~ 4.. fcc 9 % t 9 —__ x S — -— 



• s e 



5,7 5.7,9.11 9,11,13,15 12 288 



«•■ 



T£ _„ * 4 7 , 4i 1 „ 
lfm~i,nzz2, ■ — - 4.- + — ' — — — 4_& c — ,_ _ c 

? J i-3*5«7 S-7-9- 11 9- 11.13- 15 288 6 5 ^ 

1 1 1 11 

I *3*5*7 i'/'V* 11 9' II « I 3*i5 12 



^ i.3.S-7 T S-7-9- " 9-"- 13- is " e# ~i e 

Cor. If « : «i as 4r : 3/* + 2, the fum of the feries can be accu- 
ately had ; let therefore n = ^r and w = y + 2 9 and we fhall have 
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•^ ■ —■ ,. — -,..,., -■ .. - ■■ , 1 . ■■ n 1. . .. ■ i. - , .. 1 1 .i n . i , . m i 1 i i ^W-W W J I Ml I m H** QC V/ $ • ft * »m« W * i l* ■ « 

«s»a^,— .^iwwb...^ -. L i, ■■>■#■■ ■ »■> A urn pm^»>^w ■!■■■ - *». wii 1 (.-.*■! ■— ...i.» — 1 ■ 'i . .1 " ~ "1111. ■» j i .'j i - * — 



#*— l»WgW| i.»»l>iw »»■, 



If r= = I? S + 9 + _J3 f&c = A • . 

7 1 .2 ..3.4 3 .4,5.6 5.6.7.9 4 

1 •3-5-7 5-7-9* 11 ' 9* ll - 1 3 *S 9 6 

~ g .. L 1- f- 11 .-+&c. • * . rr— 7 * 

1 i-.7-.13.-19 ^-^^S-S 1 25.31.37.43 33 6 
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T'o find the fum of the infinite feries -* — , .. .... — ^ ^ -|~ 

J . J J r+l . 2r+i . 3r+i # 4r+x 

« + » 1 m+2n % 



11 ; ■»■■■■ >i ■■ 1 ii wy w ■ . ■' ji i i ~ »— 



3r4- 1 . 4r-r I . 5r+ I • 6r+i ' jr-J- I- . 6r+ I • 7*"+ i • 8r-f I 

This feries refolves itfelf into 

+T. 2r +1 . 3r+ i %r+\ . 3^+1 . 4r + I 3r-M . 4^+ I . jjr-f I 



# # -f ^ . i . # + 2^ 



r 



MfMawtovsqt* 



for by reduction it becomes j^,- ■ J LL: r . 1- r* — ^ -f 

r+ I . 2r+ I . 3r+ i . 4r-f I 

ii ,m ^i H i. ii xn i Mmmm — api . i j - 1 r i j 

ui^^ i ^j' ' g=g= -^ ,u-^^i. — ■ ■ . ■ + ~^r-rrr, — - " ■ — ■ — =- ■ ; ■ ■ .. . jl. _<xc» wnere 

3r+l . 4r+i • 5r+ I . 6r+ I 5?"+ I • 6r+i . 7r+ I , 8r-j- 1 

the denominators are the fame as in the given feries, and 
the numerators alfo in arithmetic progreffion ; put therefore 

yra ~~ r + i . b^m r $ra -\~$r — i « p ~ m + n, hence b =: — , 
^^i^J^+i_i5 5 which, fubftituted' in cor, 2. prop. 2. give 



I2r 



^- Tr ^. ,. + . = ^±1 — — — + & C 



"+i". 2r+i .3^+1 .4^1 3 r + I •4 r + I -5 r + * • 6r+* 



<- r 4.2 . n—drm « 2rw — 4r+l.n 2rm — r—2.rt 4rm:—2r-l.n 

6'r 4 "" ' ^ 6r 4 I2.r 3 .r+I I2r z • r+ 1 . 2r+. *■ 

* Vide de moivre's Mif, Anal, pag^.134. 
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Cor. i. In prop. 3. write a for m and 2b for », and we have 

» ~1** a " .i ., "— s i ," a — * ' """""""; -a """" ■ " ■ l a " t s -f* wCC. • • « ™ 



• saass 



1 , r+ I , 2r+i\. Jr-f 1 2r-f i . y-t l . 4r+4 . 5r-f 1 
2rv7~ 2r4-2.£ o , qr+i.£— ra ra-f2# 

. a ' — x b + t — — -==■=- . 

Alfo In this prop, write a + b for m, and z<£ for n 9 and we have 

. - ■• ■■■.. — ■. ■»..' ■ ; as — ; r rr sr* — -— >—^ ~f~ r:: , : 1 , , l , , / 1 " " 111 ' :' s s v: ~ -'^ >, dzr """" " = = **f~ ££C« • • • ~ 

r-f 1 • 2r+ 1 . 3r+ 1 , 4r+ 1 3^- + 1 . 4r-f 1 . 5r-M • 6r-f-i 



'^L^ x S + ^=^^ 



y* ~ s 3 r * ' 6r 3 .r+l * 6r 2 .r+i . %r + I 

fubtra£l this Litter feries from .the former, and we have 

■ ■ ■ ■■ j^r—s.ua "■ ■" s::.;„::: : :: ' : — ====== — ; l :u . ., ; ,; ll :..-: l = r~ ^^-;-rs= == — =^sssrrr. . ~§~ 0£C * • • • :=: 

I . r+i . 2r+ 1 . 3r+l r-f- 1 . %r + l . ^r-f I . 4r-f I 

4r/7— 3r-f-2 • 2^ q 37*4- 1 . 2# — 2rfl ra + zb ara+b 

_ X S + —j — ■._ — __ _— = 



3 r 3 r ,3r 3 .r+i 6r 2 .r+l .2r+i 

Let r= 1, and we have 

a a+b a + 2b Aa—ioh „ 8^— ?%a 

____ _____ + _ Sec. . . . r:~ xS+ ^ J 



1-2.3.4 2.3.4.5 3.4.5.6 3 36 

Iftfrzt, £zrO, ; ^ -_; — — I -4. ! r -~&c. ...z: 4 -S-.! # 

1.2.3.4 2.3,4.5^3.4.5.6 3 9* 

ZL l I t I 2 „ 13 

J 1*2.4 2.3.5 3.4.6 3 36* 

Let r = 3, and we have 

f g- f£ ^4-2^ _i2^ — 22/^ s 1027^-156^ 

1.4.7. 10 4-7- IO -i3 7-io. 13- l6 ^ C ""~ --— x + 3%8l t s5 - 

If*=:i,*=x f - * —^ + 1—-^... SS -*1L--.21.S. 

1.4.7. 10 4-7- I 9-i3 7- IO -*3* 16 3« 8l \5 6 3-8* 

, 1 1 1 i3 9 

4? ^'1.7.10 4 -io.i3 + 7 .i 3 .i6 &C 72 I7 

Cor. 2. If a : ^ as 3r + 2 : 2r, the fum of the feries can be ac- 
curately found ; take .\ a - y + 2, and b = zr, and we ihall have 

" " ;., l i :.LS " " " - lll ; l -f7= : — s=ss=. — ^== — ===== ■ — = , = — ======= «4-&Ct ... ^Z — # 

I .r+i .2r+l .3^+1 r+J . 2r+ I . 3r+ i . 4r-f I r +l.%r+i 

If 



/*=!, 
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— - w . i r ■ mJLm gi .. . ., . i. ..i. , ■ n «, n . ,■ .»• -,,„,, ^V*/* »■ " '■ » - * _«_ * 



iMKM^MHMiMiii^ ""«** • ■! ■ ■■*■■■' mm « » 



1.2.3.4 2.3.4.5 3 -4- 5-6 to 



234 5 I 

'«• 3-5-7 3-5-7-9 + 5-7-9-" ' * * ~~ 1$ ' 

II 17 2 2 I 

f s 2 .. ~JL ; J „ ""**> , &C ■ ZZ 

^ 1.4.7 • IO 4- 7'» *°« x 3 7 • 10-13. 16 *•••■• — 2 g 



« 



PROP. V. 



To find the fum of the infinite fieries — ■ .... ..■ ■'■■ ■ =^,,4- 

r. r4 1 . %r~\- 1 . 3r-(- 1 • 4r4- 1 



2r+i. 37-4- 1 . 4r4- 1 . $r 4 1 . 6r4~ x " 4r4 1 .5^4-1 .6r-f 1 , Jr+i .8r-t- 1 



Inis lenes refolves itfelr into 



# 



I . r4- 1 . 2r-4 1 . 3r-4 1 



tfS 



4~ ==s- — - ____ s «. &c..,;.. for 



r+ 1 . 2r4~ 1 . 3^4- 1 . 4r4~ 1 2r+ 1 . 3^4- 1 * 4r4- I • $r~t 1 

by reduction this feries becomes — r===~r^ r =~4^ 

1 . r 4 I . 2r + 1 . 3r f 1 # 4r -4 1 



2r4-i .3^+1 .4^4-1 .$r+i .6r-4 I 4r4 I • S^+ I -6r4- 1 . 7r4 I > Br-4 I 

where the numerators are in arithmetic progreffioh, and the 
denominators the fame as in the given feries ; afliime therefore 

n brm-\*-tz 



4ra ~~ b ~m y *\ra + 6r — i . b~m + n, hence b 



— . ^ — — — — 5 

6r 24*' 



which values being fubftituted in cor., i. prop. 4. give 

02 mArti 

,- |— "" " ■ • ~ - ~ 1"" - , '■" "-11 " - r ' i : ■■■■ '• ' "' ™T~^XC. . t . ■ „-.„■ 



Lr4-I.2r4-I.3r4- I -4r4- 1 2r4- 1. 3r 4- I .4^4- J .5r4-i.6r4-i 

1 ..in n ii. ■ -* - 

arm— 2r4 1 . n 4r~p 1 . n — 2rw 6rm-h qn ^ 2r;;2 + ^/ 

x S 4 " """ 



6r 5 k I2r s ^2 . r 4 " . rf I 24r 3 . r+ I . 2r4:i 

Letr=-i, and we have 



M.34.5 3*4*5^'r S^.7.8-9 6 7a 

lit 



9 
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1 I f .12 

%£'fflZZ~>l.% SrO, - te -°™" ■""■ - ■+" — — — --■JL —-»—. . - v; " 4~$CC» * ,» # ZT ■ — S •— — It 

1.2.3.4-5 3«4-5* 6 *7 5-°-7-^-9 3 9 

I 2 3 I I Q 

? -i«2. 3.4.5 3.4.5.6.7 5.6.7.0,9 6 

1 , 1 . 1 , D 1 7 

w - 4 ' B - a, i.a. 3 .S + 3.4.5.7 + S.6..7 9 3 3& 

,25 41 57 1 

OT _2S,8-I&, I(2>3>4<5 + 3 . 4 . 5 . 6j7 i- 5 . 6 . 7i y >9 + &C > 

dl #2 itl A~ ?t 

we nave ■ — +.-__-!__-. + 

— ' * • 1 .3. 5 .7. 9 5.7 .9 11 ..13 ' 

« + 2» , «tr^ _4W-5*« Q 59W-44W 

__ . — — - — ^ — — 4" OcC. • • » — - x o -j-.— — — — # 

9.11.13.15*17 i9 z 24.120 

1 x 1 1 11 

um-un u, I3 5 . 7 . 9 n 5 . 7 . 9.11.13^9.11.13. 15. 17 48 24.30* 

1 * r , x .7 

>'i .5.7.9 5-9- IX - x 3 9* I 3* 1 5-*7 96 24.60 

Cor. \in\m as 2r : zr+ i 5 the fum of the feries can be accu- 
rately found ; affume therefore n = zr, m = zr + 1 , and we have 

■ ,,, „-„. ■■ ■!■■■■. «i V 1 ■■ 1*- 1 r. 1- ~ i an ■- - ■■■■-- - - - -—■•■■• -■ _f_ S'T/* mum— . ^ M , -, ,,., ■■■ ■■ . ^ I f .-,-- .... . ... ..«■*.— , 

^-* %iTW - ' ■■ > .' •' ■*« » r . — * ■ ■ *** •* * ** »*+ ■* »-—- »- — ■**«■*■* »* *"■'■ — — ■'-*- — ' "— ■ ' * — — — " - ■ -' ' ■» ■» ™T"PCV» 6 5* mw'i J " " ' .jri 1 iini.r h % II II i iiil— 1' % 



I t r4-l .3^4-1.4^+1 2.r+ X «3r4 1.5^-4 i.6r+i 6.r.r+ 1 . 2r4> 1 

lir i? 1.2.4*5 3-4-6.7 5- 6- 8.9 36* 

♦* "™* ^ " ■■•'■' " ■ ■'- «■'■' ■ i « i i ■ -J ~ < •• —'— ' ■ " « - • —— ■ -4-» -« — ■ .1 ,.. ,„ m , I L < . , ^ *!»» fSfcf*. r 1" ..n 11 

3' I. 4. IO. 13 7.IO. I6.I9 ' I3.l6.22.25 ' * ^ 504 



Having thus far explained the method of fummation 
of fuch feries as I prapofed to treat of in the firft part of 
this paper, I truft it is not neceffaiy to fay any thing fur- 
ther, as the fame method of proceeding will manifestly con- 
tinue the feries to any propofed number of favors in the deno- 
minator ; I fliall therefore conclude with pointing out a re- 
markable property of thofe feries whofe fum can be accurately 
found-: that when the number of factors in the denominator 
is even., the numerator is always equal to the fum of the two 

middle 
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middle fa&ors ; and when the number of fa&ors be odd r the 
numerator will be equal to the middle faftor, a ! nd confequently 
will take it out of the denominator, and leave a feries whole 
numerators are unity, and whofe denominators want the mid- 
dle fa£ior. 

The method of fummation of feries here made ufe of may 
alfo be applied in inveftigating the fums of a great variety of 
other feries ; but as a further application of this method would 
carry us beyond the limits to which this paper rauft he con- 
fined, I fhall re-affume the fubje£t at fome future opportunity ^ 
and proceed immediately to the fecond part. 



■»— g— t^— — — — — ' »H I " i n «> 



PART II. 



PROP. 



To find the fum of the infinite feries .■» ■ '■■-• a * *■ ■ - . twA> . + 

n.n-\-m n + rm 

+ • -— -a a j r- ^ + &c. when the I aft dif* 



ferences of the numerators become equal to nothing. 



(C^bmmkmm* Wl ji 1 *********** 



Auume a + nh+n . # + /# . £ + # . n + m . n + zm • # + &c* to 

any number (r) of terms ; then* if for n we write n + m f n+ zm f 

n + ^m, &c. fucceffively, there will refult a feries of quantities 

Vol. LXXIL Gfgg whofe 
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whofe rth difference is =: o ; fubftitute, therefore, this feries of 
quantities forfi, y, j*,&c. refpe£Uvely,and the given feries becomes' 

'« n. inn » " (WW"*-"""""""""* mmmtm^mmt^^"' 

P iii -■ ,— —[—' ...!.. _ , .L.i .-.uri - ■— ' " ■ " ' ■ ■ " ,! , ■. I"""""' 555 V.lm nir ■—■W— «JL« 

**"' *'"*" *" ***"* ' 1 -.11 ... . - || . ir- T «——■.■■■ «■«-. I 



' <"'« *l ">*WMI«—^MPW>»i 



n*n + m . . . .n-Yrm n+m ... . . n + r+i * m 



MMMftpnwaMMmwNB. 



llil»> H l . i. H Wiifc^l^fc 



which manlfeftly refolves itfelf into the following feries 

a a a 

n . n-\~rn . . . . n-rrm n + m . , ■- , . « H- r-f- 1 . /« #-j- aw . ...» + r+ 2 . w 
£ £ £ 



m , , > . n+rm n-\-zm . • . * n 4- r+ I . iw » -f- 3?// . , . . « 4- r -f 2 , m 
c c c 

~~ h " : " " = ; — ^ + :,: , :.:: — = - = =■ + &c» 



n + Zm . . . . n -\r rm n -f yn . . . . n -f r ~f 1 . m n~{- j^m . . „ ,n-\- r + 2, % m 
&C. &C. &C. 

where the number of feries isr, the fum of each of which being 
taken by a well known rule, the fum of the given feries becomes 

a ^ b 

mmw r : = ' . = ' _ zr + 



n . n-\-m • . . • »+r<~ 1 .m.m.r n + m...*n + r~-i*m.m.r~i 

where the law of continuation is manifefL 



case 1. ¥0 find the fum of the infinite feries 2 — + 

6 + 12 — + — LL_ + & g . 

2.3.4-S 3-4-S* 6 4-S-o. 7 

Here » = i i f» = i , r=::: 3? ai1 ^ ^ e third differences become 
■s= o ; therefore # + £ + 2c .== 3, a + zb~\- 6c == 6, # + 3^ + 1 zc =z 1 o 9 
confequently a~ 1, ^'= 1, v = }, and therefore the fum fought 

wiUbe irr:i^ 
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* * Ar 



case 2. To find the fum of the infinite feries — — v 

1 - 3 • 5 ■ 7 
2.3 3.4 



4- i_ — . ., . 4. &c» 



3*5-7-9 5 • 7 • 9 • x J 

In this cafe » = 1 , w = 2, r — 3> and the 3d differences become 
= 0; therefore^ + £ + 3*7=2, # + 3^ + 15^= 6, # + 5^ + 35c = 12, 
confequently a~ f , £ = f , c= |, and hence the fum of the re- 
quired feries becomes — ■ 2_ l . 1 l _J! — — JL # 

1 l • 3 • 5 • 2 • 3 ♦ 4 3 • 5 • 2 . 2 . 2 ' 5 . 2 . 4 24 



case 3. To find the fum of the infinite feries — j-' 

3 * 4 • 5 • ^ • 7 * ^ 

2 4 , 12 31 „ 

*. 1 » ' — ' "- ■■>■ a 1 1 - 1 - 4* ■- ■■ „ , 4* ■■■■''■■■". -— ~ - 1 1 i - i -r-r-— ---, n| 1 , ore* 

4.5.6.7.8.9 5.6.7.8.9.10 6.7.8. 9. 10. 11 7.8.9*10. 11. ia 



Here n = 3, m = 1 , r = 5, and the 4th differences become = o ; 
therefore *z + 3^ + 12 £ + 60*/= 1, tf + 4<£ + 20c + i2o*/= 2» 
^ + 5^ + 30^4-210^=4, # + 63 + 42c + 336^= 12, confequently* 
^ =5 - 54, £ s= 47, £ = - 1 2, */= 4, therefore the fum of the giveji 

r . • —46 t 47 12 C 6l 

lenes is ■ ■ ; - — ■ — •? — • » * + * * — -— — * *« • •"•* -*■. — ■ ■ 1 4- - ■" • **•• - — ® 

3.4.5.6.7.5 4.5.67.4. 5.6.7.3 6.7.2.6 50400 



case 4. To find the fum of the infinite feries ———I 4. 

4.7. 10. 13 7. 10. 13. 16 



•>» 



Here ^=1,^ = 3, r = 3, and the 3d differences are = o ; there* 
fore # + £ + 4£=J* # + 4^+28*? = 9, ^+7^+70^=25, confe- 

fequently tf = ~ * £ = — , r = t; .% the fum of the given feries 

9 9 9 

•tir i .8 4 37 

will be -— — — " " ■ " r* 1 ' " """ — * t i * 

^ 1 . 4 «7 » 3 • 3 • 9 4 • ,7 • 3 • a -9 7 • 3 • 9 220!} 

G g g 2 CASK 
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case 5* To find the Sum of the infinite Series — i 4* 

1 • 3 • 5 * 7 • 9 



4 p 10. 20 







3.5.7.9,12 s-7 .9. 11 . 13 7.9. ii. 13, 15 

In this cafe n = 1 , m *= 2, r == 4, and the 4th differences become 
' = ; therefore #+$4- 3*:+ 15^= 1,^4-3^+ 1 5c ■+■ 105^=4,, 
^ + 5^ + 35 £ + 315^= 10, ^ + 7 £ + 63^4* 693^== 20, confe- 
quently # *= T S T , bzz^ c — ^,. ^= t 1 t> an( i hence the fum of 

the given feries becomes ^ ? + • 2 _ + 



I . 3.5. 7-Z.4. l6 3>5.. 7.*. 3. l6 






j. 7,"2.2. 16 7. 2. 48 384* 

This propofitlon may alfo be applied to find the fum of all 
thofe feries whofe numerators being unity, the denominators 
ihall be deficient by any number of eorrefponding terms, how- 
ever taken ; for as the product of all fuch faftors muft form a 
progreffion* whofe differences will become equal to nothings 
if fuch products be affumed for the numerators of the given 
feries having its faftors compleatedy another feriea will be 
formed equal to the given: feries, whofe fum can be found 
by this proposition. 



case i. To fnd the fum of the infinite feries < — * 4~ 

" J J J J 1.2*4. 6 

<»■«. . ■ ■ ■ ■ - -4— «a— mw M —f 1 . rmmmmm* —&— (jjfcC*- 

2*3-5-7 3*4-0.6 l 



By completing the fadors in the denominators, and multi- 
plying the numerators by the fame quantities the given feries 

x. 2. 3. 4. 5. 6 =2.3.4.5.6.7 r 3.4.5.6-.,7.8'^-* x,w 

in which cafe n = i P m~ 1, r = 5^ and the 3d differences become 
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'sso; therefore a+i>+ zc~ 15, ^ + 2^+6^ = 24, # + 3$ + tzc — 35$ 
eonfequently a =8, ^=5,^=1, and therefore the Sum of the fe- 

nes- required is — + — — ~ h- — s =* — — • < 

1 i-2-:3-4*S-5 2.3,4.5,4 3.4.5-3 7200 



case a, T0 j?#*/ the Junt of the infinite fieri es 



1 .5 • 11 
1 



3-7- *3 5 9- *5 

This feriesj when completed, becomes — H 

49S r IOOI , 17 C5 , C„ 

30——I u i i n w T " ■ '■» in— —JU4 — '" - ' ■ - - ■- ■ 1 1 »fc : M— — ' " ■ " - — ■ —— — > — I" ' ^Jt C* 

3.5-7-9- XI • *3 5 • 7 -9 • " * *3- x 5 7-9- I3[ •'3-- I S- I 7 
where n~iy.m^2 9 r—$, and the 4th differences are=o;; 

therefore a + b + %c + 1 $d =-1 89, # + 3 ^ +- 1 5c + 1 05*/ = 495, 
^+5^ + 55^ + 315^= iooi 9 ^ + 7^ + 63^ + 693^=1755, con- 
sequently £=96, ^=48, c=io, d~\% and hence the fum of 
% /• • • 96 48 10 

& i'3-5«7'9-2.S 3'5'7'9-2'4 5-7 -9^-3 




tWMHimili mil e 



7%9 *&. £ •;. l^Oa 



case 3, To find the fium off the infinite fieri es -—-•■■• ~ - ~ r + 



«M»WiMMai| 



+ - — ~— — — — h &C« 



7 . 16 . 19 7 . 10 • 19,2 



A, 



This feries relblves itfelf into — — ~— > — z + 

j . 4 . . 7 . 1 o . 1 3* . 1 o 

—'*■ "' ■ ■ '• — — — ■' -- + — — — v """"*" + txC* w lie re ft ^ x« 

. 7 . 10 . 13 , 16 . 19 7 . 10. 13 ,16 , 19 . 22 

m=3, r=5, and the 3d dtff^renGe^ =0 f therefore a^$+4c^jo f 

a ^ aJ) + zSc = 1 30, # + 7^ + 70c = 2o8 9 from whence z? = 54, 

£— i2> :. c^xV therefore the itim of the given feries^ is 

5-4* 
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i * 4. | * io. i$ . 3 .5 4. 7 .* 10. 13 . 3 . 4 7.. 10 . 13 . 3 . 3 ^boo 

By this proportion we may alfo investigate the fum of the 
feries when there are any number of deficient terms in the 
.denominators, and where the laft differences of the numerators 
Become equal to nothing; for if the factors in the denomina- 
tors be completed, and the numerators be multiplied by the 
fame quantities, their differences will fiill become equal to 
iiotnins * 



case I* To find the fum of the infinite feries - + 



3 ,i ^ r T °* r *5 t Q. 



*-4-5'-7 3'- 5 •'&•"* 4.6.7.9 5-7*~ 8 «*° 



This feries, by completing, the fa&ofs in the denominators 
and multiplying the numerators by the fame quantities, becomes 

+ : n * . & • ■ + - — : t a : q + & c » in which 



* ..a. .3 -4-S * 6 ' 2 *.3-4-S*6:jr • 3.4.5.6.7,8 

cafe «=i, mzzx, r~$ t and as the 5th differences are =0; 

A £+• b + 2c+6d+24.e = 10, a + 26 + 6c*+ 24d'+ i2Qe~ 54., 

a + 3&+i2c + 6od+ ^6oezz 168,0 + 4^+ 2qc+ izod+ 840^400,, 

ja+ §b^3QC-\-2iod-\-i(>%oezz 810, from whence a = o 9 ^rro, 

-r = - 1, d= o, £~ f, confequently the fum of the given feries is 

_ l L. = J2 

~3-4'S-3 5** l8 °* 



case %. To find the fum ^f the infinite feries - ~ — «- + 

1 • 3 * 7 •• 9 

5 » I3E i *9 1 q 

3.5.9.11^ 5.7.1,1.43 - 1 7 .9. 13, i$~ e 

By proceeding as before this feries becomes ■ - ~ ■ — — -+* 
* i-'S - 5 • 7*9 
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— - — 21 ^ -L- £2 1 £r C# w hexe n~\ y mrz2 r r~A 9 

3-5-.7-9- *i 5-7 -9- n • 13 . 

and the 4th differences = o ; therefore a-{-b-\~ %c -\- 1 $dzz 5, 

^+7^+% c -+-693^=: 209, confequently *:=.- 1,., £=:£, <:=:£,. 
*/:=: J, therefore the fum. of the given feries =: — —J-*- 



3 'S- 7^-3-4 5.7-2,-2 .2 7. .".2-. 4. HP 

By a method fimilar to that made ufe of in this proportion 
may any number of factors be taken from the denominators o£ 
thofe feries delivered in part the firfl, and* alfcr from a great 
variety of others; but as the examples here given muft be fuf~ 
ficient to point out the method of proceeding in all other cafes* 
we will proceed to the third part* 



t0ummmmimmatM MaaaMBMMMJMMMHMMMMMWW) —(■»*—>— >»■■»»»* i . - 



JL&. JL\> JL$ J&, 



••'••■Ml 



THE fum of every converging infinite feries, whole 
terms ultimately become equal to nothing* may always be 
exhibited by the fum of another feries formed by colle&ing 
two or more terms of the former feries into one* This 
is not true, however, where the terms > of the infinite feries 
continally diverge, or converge: to any aifignable quantity^ 

and 
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and are afFe^ed with the iigns -J-* -., alternately: for 
tnftance, the feries | -~-J-f- 1 — -t + &c. if we colledt two 
terms into one, beginning .-at the firfl term, will become 

*c* If we begin at the fecond term It 



i 






becomes 



4 • 5 ' 6 .. 7 

^I_.^^_X---^--4-&cr:; neither of which gives the 

fum of the affumed ieries ; but In this, and every other cafe 
of the like nature, a correction will be neceffary : to deter- 
mine the value of which, and from whence the neceffity 
rthqreof '.arifes, is the fxibje£t of this third part. 



L E M M A. 



If r he any quantity whatever y then will - 
■&c. ad infinitum. 



1r 



I 



I I 

r r 



i 



I 




For 

2r r-j-r 

nfinitum. 
Cor. i . Hence .— 



common 




i 

r 



I I 

r v r 



I 

-" + 

r 



+ &c* ad 



2r 



I . I 
r r 



% 



Con 2. Hence alfo —z 

2V V 



and — 



JS 



2?; 



— ■ n — * 

V V 



1 4. _ .«-. &c. ad infinitum. 



+ &c. ad infinitum 



58 JL X % 

V V V 

5tf*f - &c. ad infinitum. 



PROP. I 



^ f lZ^l :be the general term of a Jerks formed by writing for 

m any Jerks of numbers in arithmetic frogrejfion* and whofe 
m are alternately + and ~~ j then if a feries he Jormed by coU 

le Sling 
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hSiing two terms into one, beginning at the firji term, the Jum of 
"the feries thence arifing will be lefs than thefum of the given Jeries 

h — • Jf & feries be formed by beginning at the fecond Term, the 

fum thereof will be greater than the fum of the given feries 






For let _!L-- -— JLJL — beany two fucceffive terms of the feries, 

rn+m n + a.r + m J • 

which, if we begin to eolle<5t at the firft term (the firft term being 
' + ) will be two terms to be colle&ed into one, and which will 

therefore give ' ZfH! for a general term of the re- 

fulting feries. Let us now make n infinite, and then the deno- 
minator of this term becomes infinite, and the numerator 
finite; therefore the terms of this latter feries at an infinite 
diftance becoming infinitely fmall, the feries will there termi- 
nate. Now, by making n infinite in the given feries, the 
two fucceffive general terms at an infinite diftance become 

- ~* - ; confequently this feries is ftill continued after the other 

terminates; and the terms of fuch a continuation will be 

(as they begin with — ^-- - ^Jl7' a — by making n infinite) 

.; -1 f. &c. which will alio be continued ad infin. and 

r r r r * 

whofe fum by the lemma is — ; confequently the given feries 
exceeds that which is formed by collecting two terms into one, 
beginning at the firft, by — ; hence the fum of the latter feries 

+ i- will be equal to the fum of the former. If we begin to 

*&4 ¥ 

Vol. LXXII. Hhh colled 
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n-\-a 



colleCt at the fecond term, then will - — — ■+■ =. — be the 

two fucceffive general terms of the given feries to be collected into 
one ; confequently the continuation of the given feries when n be- 
comes infinite will be + - — - + « — &c. ad infinitum 



whofe fum, by cor. i . to the lem. is— — ; in this cafe, there- 

fore, the fum of the given feries is lefs than the fum of the 
feries formed by collecting two terms into one, beginning at 

the fecond term, by — ; hence the fum of the latter feries 



I 

r- - 

2r 



— will be equal to the fum of the former, 



Case ju Let the given feries he - - ~ + - - - + &c*. 

^ •* -a 3 4 " S 

Here r = r, n^i r 2, 3, 4, &c. and ^ == 1. Now,, if we begin* 
to collect at the firft term, the feries reiblves itfelf into 

- x - — - &c. and the correction, to bo added, being 



2.3 4.5 6*7 

- , we have — _L,-,_-I — ~— — &c. +■- for the fum of 
a 2 • 3 4. 5 0.7, 2 

given feries* Now - — L-- — - ~ — - &c. is well known to 

® 2.3 4*5 6 - 7 

be equal to — 1 + hyp. log. of 2 ; confequently the fum of the 

given feries is =: - ~— 4- hyp* log. of 2. 

If we begin to collect at the fecond term, the feries becomes 

_JL 4. _JL + _L 4- &c. and the correction, to befitfcra$ed r hem& 

1.2 3.4 -5 .6 ° 

~, we have -J- 4- -~L. 4, ~~i~ 4- &c.- - for the fum of the given- 
2 1,23.45.6' 2 ° 

ies 1 
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i.i.i 



feries ; but — - + — — + - — - + &c. is equal to the hyp. 1op\ of 2 ; 

1 .2 3 « 4 5 • & 

therefore the fum of the given feries is = — - + hyp, log. of % % 
the fame as before. 



case 2. £^/ the given feries be- -*.- + ? + ~ + &c* 

J 3 5 7 9 



re r~2, n~i % 2, 3, 4, &c, m~t. Now, if we 
begin to colled: at the fecond term, the feries becomes 



1.1. 1 



-j \ r -— J r^cc. and the corre&ion, to be fubtraSled^ 



*-3 5-7 9- 11 



T T T T t 

being - , we have — + Hi f- &c. - - for the fum of the 

* 4 *-3 S-7 9- 11 4 

given feries; but f - + __4-& c . is equal to a circular 

*> 1.3 S-7 9- 11 ^ 

arc (A) of 22°f, whofe radius is unity; therefore the fum of 
the given feries = A- - • ■ 



JL Jtv \J A • J. 1. 1 



x°\~n% 



If ij—-*~ be the general term of a feries formed by writing for 

n any feries of numbers in arithmetic progrefjion, and whofe terms 

are alternately + and - ; then if a feries be formed by colkBing 

two terms into one $ beginning at the fir/l term, the fum of the 

feries thence ari/ing will be lefs than theftim of the given feries by 

. If a feries be formed by beginning at the fecond te'rm 9 the 



2V 



fum thereof will be greater than the fum of the given feries by 



H h h z For 
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For let *ZflL _ *!JLli^™be any two fuGceffive termsofthe gi* 

iu + nv w + n + a ,v 

veil feries, which. if we begin to collect at the firft term,, will bo 
the two general terms to be collected into one, and will therefore 

give ±rrrr^~-c^r- ~ for a general term or the. reiulting feries. 

Let us- now make » infinite and then this term- will vani-fh*andcon- 
fequently the refulting feries will terminate at an infinite diftance. 
Now,, by making n infinite in the given feries, the two fuccef- 

five terms (as they begin with —~ ^*~JLJLi?L by making n 

v ■'-<-' w + nv w + n-ha.v ° 



infinite) become ~ - - ; this feries,, therefore, is ftill continued 

</ <7I <7} 



% 2 

<y v 

after the other terminates ; and the terms of fuch a continua- 
tion will be .- — - + - - .- +&c. ad infinitum,, and whofefum: 

V V V V 

by cor. 2. to the lem. is — ;: confequently the given feries ex- 
ceeds that which is formed by colle&ing two terms into one, 
beginning at the firft, by — ; hence the fum of the latter feries 



+ — will be equal to the fumof thte former* Now, if we begin to 



collect at the fecond term, then will ~~— . + * llLf ~ be two 

general terms of the given feries to be collected into one ; con- 
fequently the continuation of the given feries, when .n becomes 

infinite, will be - - + ~ — - + - ~&c. ad infinitum, whofefum 



% z z % 

V V V V, 

z 

2V 



by cor* 2. to the lem* is ; in this . cafe, . therefore, the fum 

J* u 

of the given feries is lefs than the fum of the feries formed by 
collecting two terms into one, beginning at the fecond term, by 



9* 
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— ;: Hence the fum, of. the latter feries - — will be equal to the 
fum of the former*. 



case 1. Let the given feries Be 1 — II 4- II ~I$ + &c. 

D ^ 3 5 7 9 

Here a? = 3, 2 = 2, w~i, v—i, # = 2, 4, 6, .8, &e. Now, 
if we begin to colle£t at the firfl term, the feries becomes 

_JL 4- — ~ + .— — 1- &c. and the correction, to be added, being; 1 , 
3*5 7-9 "^3 

we have + _- + + &C.-M for the fum of the given 

3.5 7.9. 11. 13. & 

feries;. but if A"= a circular arc of 45 whofe radius is 

unity, it is well known that — — h + — ?— + &c, = 1 - A : 

J 3-5 7 -9 " • 13 

therefore the fum- of the given feries is 2 -A* 



case 2 . . Let the given feries be — - i? + — - — + &c, 

1234 

Here w=i, sj=i, #=16, 2=11, /z-o, 1, 2, 3, &c* 
Now, if we begin to colledt at the firfl: term, the feries becomes 

-JL+-JL+'-i— + &c* and the corredion,^ to be added, being- 

Ii2 3.4. 5.6' . 



— , we have ^_ + -jL-+l2_.+;&c. 4-,— for the fum of the given- 

2 1 . 2 • 3 . 4 5 . 6 • 2 & 

feries ; biit -^ + .^ + ~i~4.&c. is equal to 5 x hyp. log. of 2, 
confequently the fum of the given, feries is equal to 



11 



+5 x hyp. log. of 2. 



axv—awx 



Becaufe = . — = , ' g= s , the general term of the feries 

w4»^Xw4»+«,?;, 

formed 
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formed by reducing two terms into one, has its numerator inde- 
pendent of the value of, n 9 it is manifeft, that the numerators of 
that feries will be all equal. Now, if a feries be affumed, the 
numerators * of whofe terms are unity, and in every other 
refpeft the fame as the feries in this proposition, that is, if 

— ___- — be two fucceffive terms of a feries-. it is ma- 

w + nv w + n + a.v 

nifeft, that if every two terms of this feries be reduced 
into one,- the general term of the refulting feries will be 



— av 



, where the numerator is a conftant quantity 

' — av ; confequently the fum of the feries whofe general term is 

is to the fum of the feries whofe general term 



avx~~aw% 



w 4- nv X w 4~ n -f a • « v 

is .c==r— ^r-^zzzr^ as vx — ivz to - v? or m a given ratio ; 

w + nv xw + u + a .v 

whenever, therefore, the fum of the latter feries can be found, 
the fum of the former can be found, and confequently, after 
proper corre&ion, tlie fum of the feries in this proposition can 

be found. 

Hence, therefore, in the two cafes given above in whatever 
arithmetic progreffion the numerators may proceed, the fum of 
the former can always be exprefled by circular arcs, and the 
latter by the hyp. log. of 2. 

Hence alfo, as it appears from lem. i, part the firjft, that 

« T T Y 

the fum of the feries - « + — ,-=- - — — + &c can always 

1 r-fi 2r+i 3^4-1 J 

be expreffed by circular arcs and logarithms, it is manifeft, 
that if the numerators form any arithmetic progreffion, the 
fum of fuch feries may be found by this propofitlon, and will 
always be exhibited by circular arcs and logarithms. 

Befides 
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Beficies the feries contained in the foregoing proportions, a 
great variety of other feries might be produced where a cor- 
rection is neceffary, after collecting two terms into one, \\\ 
order to exhibit the true value of the given feries. As the 
proper corre£tion 9 however, may always be found from the: 
principles delivered in the above propofitions, that is, by confix 
derlng what the terms of the given feries become at an infinite 
diftance, 1 fhall only add one or two inftances more, and con- 
clude what I at prefent intend to offer on this fubje£L 



3-4 



1 .2 



ex. i.. Let it be required to find the fum of the infinite feries 

4* &c'i. 



4 - .5 + 5 : 6 _ 6 . 7 

3 • 4 4 • 5 



2.3 



16 



« ■ "">»" <- ' » ■ "■« ■ 



This* by reviving two terms into one, becomes — — — -£~ : 

7 J p . • 1 • 2 . 3 ■ '•• 

M^^^M ~&c-« ;.. and as the terms of the given feries 

3-4-5 5- 6 -7 ° 

continually approach to unity, the corredion, to be added, is 

J, confequently r ~ 7 ^ + y^^Jjbj ~~ &c - + T ls e( l lial to 
the fum of the given feries ; but by prop, 1. part L the fum of 

+ &c. is equal to 8S—2 (S 



the feries - 



16 



mm t iiw i mm 



24 






32 



1 . 2 . 3 3 . 4 * 5 5 • 6 • 7» 

being the hyp. log. 2, )• confequently the fum of the given feries 
Is 8S — if.. 



ex. 2*. Let it be required to find the fum of the infinite feries •> 

111 _ 111 + 3_li - 111 + & c# 
r • 3 3-5 5-7 7 • 9 ' 

This feries, by refolving two terms into one, becomes 






8 






12 



*-3»5 5*7-9 9.* ll * l 3 



+ &c.~ and as the terms of the given j 



feries 
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feries continually approach to -, the -corre&ion, to be added, 

will be 4 , therefore — J- — — -•+ — — — b Scc*+~ h = 

8 1.3.55.7.99,11.13 8 

to the fum of the given feries ; but by prop. 1. part I. the fum 

D f _±„.{ _ + — _ +&c, is equal to— S+4^ fS being 

I -3»5 5»7*9 9. 'ii. 13 * • 4 8 ^ & 

a circular arc of 45% whofe radius is unity) hence the fum of 
the given feries is -S + -• . 

,4* 4* 

This method is not only applicable to thofe cafes, where the 
given feries refolves itfelf into another, whofe fum is either 
accurately known or can be expreffed by circular arcs and loga- 
rithms,, but alfo to thofe cafes where we want to approximate 
to the value of the given feries, as it muft, in general, .be 
neceffary firft to render the terms of the feries converging, by 
xolle&ing two into one, before the operation of approximation 
.begins, and confequently a correction of this latter is neceffary 
an order to exhibit the value of the 'given feries. 







Ld Av XV jtx •»&. £lk$ 

72* 2. for eomunicateci read communicated 

77* i a* jf^r mercury removed without caiifreg this to Hfe read feiiio? 

without caufirig the mercury to' rife 

Si* 9. /0r frhaller towards the middle m?^ larger towards the middle 
30 ii -s-*— the lafl lirie ? for -^ r^^/ ~f 
40 j, 12* for ~~ 54 rwi —46 

sib& 2. from the bottom, for — — - read — — 4 
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